What's the relationship between symmetry and invariant properties?

Symmetry and invariance are deeply related concepts in many
areas of science and mathematics, particularly in physics,
geometry, and group theory. Here’s how they are connected:

1. Symmetry:

Symmetry refers to the property of an object or a system that
remains unchanged under certain transformations, such as
rotations, reflections, or translations. In essence, symmetry
describes how an object can look the same even after some
operation is applied to it.

Example:

— A circle is symmetric under rotations about its center
because rotating it by any angle does not change its
appearance.

— A square is symmetric under 90° rotations about its center
and also under reflections along its axes.

2. Invariance:

Invariance refers to properties or quantities that do not
change under a set of transformations. Invariance is often
studied in the context of physical laws or mathematical
equations where certain variables remain constant even when
the system undergoes changes.

Example:

— In physics, the laws of motion are invariant under time
translation, meaning they don’t change if you shift the time
at which you observe a system.

— In geometry, the distance between two points in Euclidean
space is invariant under rotations and translations.

Relationship between Symmetry and Invariance:

— Symmetry leads to invariance: Symmetry often implies
invariance. If an object or a system exhibits symmetry under
certain transformations, it means some of its properties
remain invariant under those transformations.

- For example, the symmetry of a physical system under
spatial translations often leads to the conservation of
momentum, a quantity that remains invariant as the system
evolves.

- Invariance under symmetry transformations: When an object
or system is symmetric, certain physical or geometric
quantities remain invariant. For example:

— In physics, Noether’s theorem states that for every
continuous symmetry of a system’s action, there is a
corresponding conserved quantity. This links symmetries of a
system (like rotational symmetry) with invariant properties
(like angular momentum).

Examples in Different Fields:



— Physics: In classical mechanics and field theory,
symmetries (rotational, translational, or time-reversal)
often correspond to conserved quantities or invariants
(energy, momentum, angular momentum).

— Mathematics: In group theory, symmetries are represented
by groups, and invariant properties are those that remain
unchanged under the action of these groups. For instance, a
function invariant under the action of a symmetry group is
said to be a “symmetric function.”

— Geometry: Invariants such as distances, angles, and areas
remain unchanged under certain transformations, like
rotations or translations, which correspond to the
symmetries of the space.

Key Insights:

— Symmetry is about transformations that leave something
unchanged.

— Invariance refers to the property or quantity that remains
unchanged under these transformations.

— Symmetry gives rise to invariant properties, linking the
two concepts in various scientific and mathematical
contexts.



